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Abstract. In this paper, we solve the eigenvalues and eigenvectors problem with Bohr collective Hamil-
tonian for triaxial nuclei. The β-part of the collective potential is taken to be equal to Hulthe´n potential
while the γ-part is defined by a new generalized potential obtained from a ring shaped one. Analytical
expressions for spectra and wave functions are derived by means of a recent version of the asymptotic
iteration method and the usual approximations. The calculated energies and B(E2) transition rates are
compared with experimental data and the available theoretical results in the literature.
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1 Introduction
The study of shape phase transitions in nuclei has re-
cently attracted significant interest from both experimen-
tal and theoretical perspectives. Theoretically, the Bohr-
Mottelson collective model [1,2] represents a sound frame-
work to describe many properties of the collective quadru-
pole excited states in even-even nuclei. In this context, a
number of analytical solutions of the Bohr Hamiltonian
with different potentials model have been proposed [3]. On
the other hand, this problem is related to the evolution of
the concept of critical point symmetries. For example the
E(5) [4] symmetry is designed to describe the second-order
phase transition between spherical and γ-unstable nuclei,
while the first-order phase transition between vibrational
and axially symmetric prolate deformed rotational nuclei
is described by the symmetry labeled by X(5) [5]. In both
mentioned above critical points, special solutions of Bohr
Hamiltonian have been developed with an infinite-well po-
tential in the β collective variable, while the γ-part was
assumed to be independent of the γ variable in the E(5)
[4] symmetry case and having a minimum at γ = 0 in the
X(5) [5] symmetry one. Another symmetries called Y(5)
[6] and Z(5) [7], which are associated with the transition
from axial to triaxial shapes and from prolate to oblate
shapes, respectively have been introduced.
This article is devoted to the description of the triaxial
nuclei. Indeed, in the intrinsic frame, the Bohr Hamilto-
nian is separated to β and γ parts. The potential in beta
part consists of Hulthe´n potential [8,9] plus a centrifu-
gal term. While, the gamma-part is taken to be equal to a
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new generalized potential derived from a Ring Shaped one
[10], with a minimum at γ = π/6. Due to this feature, we
shall call the solution developed here Z(5)-H. Analytical
expressions for the spectra and the corresponding wave
functions are obtained by solving the relevant differential
equation through a recent version of the Asymptotic Iter-
ation Method (AIM) [11]. This method has proved to be
a useful tool when dealing with physical problems involv-
ing Schro¨dinger type equations [10,12,13,14]. The excited
collective energies of nuclei and B(E2) transition rates
are calculated and compared with the experimental data,
as well as theoretical predictions of other models. Similar
works already exist in the literature regarding the triaxial
shapes with different potentials like Davidson [15], sextic
oscillator [16] and Morse potential [17]. Also the triaxial-
ity was studied in the framework of the algebraic collective
model [18] and in the model of Davydov-Chaban [19] in
which the nucleus is rigid with respect to γ-vibrations.
The paper has the following structure. In sections II and
III, the analytical expressions for the energy levels and
excited-state wave functions are presented, while theB(E2)
transition probabilities are given in section IV. The nu-
merical results for energy spectra and B(E2) are pre-
sented, discussed, and compared with experimental data
and available other models in Section V. Finally, Section
VI contains the conclusion.
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2 Formulation of the model
The original collective Bohr Hamiltonian [1] is
H = − ~
2
2B
[
1
β4
∂
∂ββ
4 ∂
∂β +
1
β2 sin 3γ
∂
∂γ sin 3γ
∂
∂γ−
1
4β2
∑
k=1,2,3
Q2k
sin2(γ − 23πk)
]
+ V (β, γ) (1)
Where β and γ are the usual collective coordinates, Qk
are the components of angular momentum in the intrinsic
frame, and B is the mass parameter.
In order to achieve exact separation of the variables β
and γ in Eq. (1), we choose the total wave functions in
the form Ψ(β, γ, θi) = ξ(β)Φ(γ, θi), where θi(i = 1, 2, 3)
are the Euler angles, and we assume the potential in the
convenient form as [17,20,21,22,23,24]
V (β, γ) = U1(β) +
1
β2
U2(γ) (2)
Then, separation of variables leads to two equations : one
depending only on the β variable and the other depending
on the γ variable and the Euler angles :[
− 1
β4
∂
∂β
β4
∂
∂β
+ u1(β) +
Λ
β2
]
ξ(β) = ǫξ(β) (3)
[
− 1sin 3γ ∂∂γ sin 3γ ∂∂γ + 14
∑
k
Q2k
sin2(γ− 2
3
pik)
+ u2(γ)
]
Φ(γ, θi) = ΛΦ(γ, θi) (4)
where Λ is the separation constant and the following no-
tations are used
u1(β) =
2B
~2
U1(β), u2(γ) =
2B
~2
U2(γ), ǫ =
2B
~2
E (5)
As already mentioned, in the present work we use the
Hulthe´n potential [8,9] with a unit depth as in [25,26],
expressed as
u1(β) = − 1
eδβ − 1 (6)
where δ = 1a is a screening parameter with a is the range of
the potential. For small values of β, the Hulthe´n potential
is a short range potential which behaves like a Coulomb
potential while it decreases exponentially for large values
of β.
By inserting the function f(β) = β−2ξ(β) in the radial
equation (3) one obtains :[
− ∂
2
∂β2
+
Λ+ 2
β2
− 1
eδβ − 1
]
f(β) = ǫf(β) (7)
In the case of L 6= 0, the Schro¨dinger equation Eq. (7) can-
not be solved analytically because of the centrifugal poten-
tial. So, in the absence of a rigorous solution of this equa-
tion, we can use an approximation which allows achieving
this goal. For a small β deformation, which is the subject
of our work, the centrifugal potential could be approxi-
mated by the following expression as in[27,28,29]
1
β2
≈ δ2 e
−δβ
(e−δβ − 1)2 (8)
This approximation is also valid for small values of the
screening parameter δ.
Rewriting Eq. (7) by using the new variable y = e−δβ, we
obtain
f ′′(y)+
1
y
f ′(y)+
[
ǫ
δ2y2
− Λ+ 2
y(1− y)2 +
1
δ2y(1− y)
]
f(y) = 0
(9)
In order to transform the differential equation Eq. (9) to
a more compact, we use the following variables
µ =
√
− ǫ
δ2
, ν =
1
2
(
1 +
√
9 + 4Λ
)
(10)
So, the differential equation Eq. (9) becomes
f ′′(y)+
1
y
f ′(y)−
[
µ2
y2
+
ν2 − ν
y(1− y)2 −
1
δ2y(1− y)
]
f(y) = 0
(11)
In order to apply the asymptotic iteration method Refs.
[30,31], the reasonable physical wave function that we pro-
pose is as follows
f(y) = yµ(1− y)νχ(y) (12)
For this form of the radial wave function, Eq. (11)
reads
χ′′(y) = − τ(y)
σ(y)
χ′(y)− κn
σ(y)
χ(y) (13)
with
τ(y) = (1 + 2µ)− (1 + 2µ+ 2ν)y (14a)
σ(y) = y(1− y) (14b)
κn = 1/δ
2 − ν(ν + 2µ) (14c)
To find directly the energy eigenvalues of Eq. (13), we
use the new generalized formula [11] which replaced the
iterative calculations in the original AIM formulation [30]
κn = −nτ ′(y)− n(n− 1)
2
σ′′(y) (15)
leading to the energy spectrum of the β equation
ǫn = −

δ2
(
n+ 12 +
√
9
4 + Λ
)2
− 1
2δ
(
n+ 12 +
√
9
4 + Λ
)


2
(16)
where n is the principal quantum number and Λ is the
eigenvalues of the γ-vibrational plus rotational part of the
Hamiltonian for triaxial nuclei. Our energy spectrum for-
mula Eq. (16) is in agreement with the energy formula
obtained in previous works Refs.[32,33,34].
M. Chabab, A. Lahbas, and M. Oulne: Bohr Hamiltonian with Hulthe´n plus Ring shaped potential for triaxial nuclei 3
For δ << 1 and in the case of γ-unstable nuclei Λ =
τ(τ + 3), our formula Eq. (16) reduces to
ǫn = − a/4
(τ + n+ 2)2
(17)
with τ is the seniority quantum number. This formula
matches up with the energy spectrum Eq. (51) of Ref. [3]
obtained with a Coulomb potential.
Concerning Eq. (4) for the γ variable, we propose a new
generalized potential inspired by a ring shaped potential
[10]
u2(γ) =
c+ s cosq(3γ)
sinp(3γ)
(18)
with c and s are free parameters. This potential repro-
duces several ones which are widely used in the literature,
namely :
1. for p = 2 and q = 0 or p = 2 and s = 0, we obtain the
periodic potential [35]
u2(γ) =
̺
sin2(3γ)
(19)
with ̺ = c+s in the first case, and ̺ = c in the second
one.
2. for p = 2, q = 1 and s = −c, we get
u2(γ) = c
1− cos(3γ)
sin2(3γ)
(20)
The expansion of this potential around γ = 0 gives
u2(γ) ≈ 1
2
c′γ2 + c′′ (21)
with c′ = 9/4c and c′′ = 1/2c. This Harmonic oscillator
potential is widely used in the study of prolate nuclei
[5,36].
3. for p = 0, q = 2 and c = 0, we get
u2(γ) = s cos
2(3γ) (22)
This form is identical to the potential Eq. (12) used in
Ref. [37]
4. for p = 2 and q = 4
u2(γ) = −s− s cos2(3γ) + c+ s
sin2(3γ)
(23)
If we assume the parameters u1 = 0, u2 = −s and
A/4 = c + s in the potential used in Ref. [38], we
obtain a similar formula to Eq. (23) which is suitable
for prolate nuclei.
A similarly general potential was already considered in
Ref. [38] obtaining the spheroidal and Mathieu func-
tions [39] as solutions for the γ equation.
5. for p = 2 and q = 2, we get
u2(γ) =
c+ s cos2(3γ)
sin2(3γ)
(24)
Such a potential has a minimum at γ = π/6. It is suitable
for triaxial nuclei. Indeed, its expansion around γ = π/6
and for a small value of the parameter s in comparison
with the parameter c, i.e. s/c << 1, we recover the Har-
monic oscillator one with an additive constant which is
also widely used in this case [7]
u2(γ) ≈ 1
2
c′(γ − π
6
)2 + c (25)
with c′ = 92c. Inserting this form of the potential Eq. (24)
in Eq. (4) one gets
[
− 1sin 3γ ∂∂γ sin 3γ ∂∂γ + 14
∑
k
Q2k
sin2(γ− 2
3
pik)
+
c+ s cos2(3γ)
sin2(3γ)
]
Φ(γ, θi) = ΛΦ(γ, θi) (26)
From Eqs. (19-24), it can be seen that our generalized
potential Eq. (18) is enough flexible such as to allow the
description of γ-unstable, axially deformed and triaxial
nuclei. As the potential is minimal at γ = π/6, we can
substitute the expectation value of γ = γ0 = π/6 in the
expressions of the moments of inertia.
So, one can write the rotational part of Eq. (1) in the
form [40,22].
1
4
∑
k=1,2,3
Q2k
sin2(γ0 − 23πk)
≈ Q2 − 3
4
Q21 (27)
We can further separate the angular equation (26) by im-
posing
Φ(γ, θi) = Γ (γ)DLM,α(θi) (28)
So, we get the following set of differential equations[
− 1
sin 3γ
∂
∂γ
sin 3γ
∂
∂γ
+
c+ s cos2(3γ)
sin2(3γ)
]
Γ (γ) = Λ′Γ (γ)
(29)[
Q2 − 3
4
Q21
]
DLM,α(θi) = Λ¯DLM,α(θi) (30)
The above equation has been solved by Meyer-ter-Vehn
[41] with the results
Λ¯ = L(L+ 1)− 3
4
α2 (31)
DLM,α(θi) =
√
2L+ 1
16π2(1 + δα,0)
[
D(L)M,α(θi)
+ (−1)LD(L)M,−α(θi)
]
(32)
where D(θi) denotes Wigner functions of the Euler angles
θi(i = 1, 2, 3), L is the total angular momentum quantum
number, while M and α are the quantum numbers of the
projections of angular momentum on the laboratory fixed
z-axis and the body-fixed x′-axis respectively.
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In the literature about triaxial shapes, it is customary
to insert the wobbling quantum number nw instead of α,
with nw = L−α [2,41]. Replacing α = L−nw in Eq. (31),
one obtains
Λ¯ =
L(L+ 4) + 3nw(2L− nw)
4
(33)
The eigenvalues of the γ−part are obtained from Eq. (29).
To solve this equation through the AIM, we introduce a
new variable z = cos(3γ) and we propose the following
ansatz for the eigenvectors Γ (γ)
Γ (z) = (1− z2) 16
√
c+sη(z) (34)
leading to
η′′(z) = −2(1 +
1
3
√
c+ s)z
z2 − 1 η
′(z)− (3
√
c+ s+ c− Λ′)
9(z2 − 1) η(z)
(35)
Applying the generalized formula of AIM given in Eq.(15),
we derive the eigenvalues
Λ′ = 9nγ(nγ + 1) + 3
√
c+ s(2nγ + 1) + c (36)
where nγ is the quantum number related to γ-excitation.
As a result, we find,
Λ = 9nγ(nγ + 1) + 3
√
c+ s(2nγ + 1) + c
+
L(L+ 4) + 3nw(2L− nw)
4
(37)
In the standard case of γ−periodic potential, i.e. param-
eter s = 0 in Eq. (24) or Eq. (18), our formula Eq. (37)
reduces to Λ = 9(nγ +
√
c/3)(nγ +
√
c/3 + 1) + Λ¯. This
formula reproduces Eq. (15) in [35].
The eigenfunctions corresponding to the eigenvalues
Eq.(36) are obtained in terms of Legendre polynomials,
η(z) = Nnγ (1 − z2)−
1
6
√
c+sP
1
6
√
c+s
nγ+
1
6
√
c+s
(z) (38)
where Nnγ is a normalization constant. The terms of Λ
′
Eq. (36) also appear in the energy expressions reported in
Ref. [38]. Actually, this is not a surprise if we remind that
the spheroidal functions can be written as a linear combi-
nation of the Legendre polynomials. On the other hand,
we should note here that Eq. (37) differs from the corre-
sponding expressions given in Ref. [38] by the last term.
Also, the present solution is given for triaxial nuclei, while
the previous ones [38] were proposed for prolate nuclei.
The γ angular wave functions for triaxial nuclei can be
written as,
Γ (γ) = NnγP
1
6
√
c+s
nγ+
1
6
√
c+s
(cos(3γ)) (39)
To determine Nnγ , we use the normalization condition∫ pi/3
0
Γ 2(γ)| sin 3γ|dγ = 1 (40)
Using the usual orthogonality relation of the Legendre
polynomials Eq. (12.111) of Ref. [42], we get
Nnγ =
√
3
2
(2(nγ +
√
c+ s/6) + 1)(nγ !)
(
√
c+ s/3 + nγ)!
(41)
3 Excited state wave functions
In our calculations, the total wave function is given by
Ψ(β, γ, θi) = β
−2f(β)Γ (γ)DLM,α(θi) (42)
The radial function f(β) corresponds to the eigenvectors
of Eq. (7). The angular wave functions Γ (γ) of the γ−part
are given by Eq. (39) and the symmetric eigenfunctions of
the angular momentum are given by Eq. (32). To obtain
the radial eigenfunctions f(β) of Eq. (7), we use the gen-
eral solution of AIM and the parametrization given in Eqs.
(12)-(10) to solve Eq. (13) leading to
χ(y) = Nn 2F1([−n, 2µ+ 2ν + n], [2µ+ 1], y) (43)
where Nn is a normalization constant and 2F1 are hyper-
geometrical functions. To normalize the radial function
χn(y), we implement the connection between hypergeo-
metric functions and Jacobi polynomials by means of Eq.
(4.22.1) of Ref [43]. Hence we obtain the following wave
function
f(t) = Nn(1 − t)µ(1 + t)νPn(2µ, 2ν − 1)(t) (44)
with t = 1− 2y is a new variable.
Nn is computed via the orthogonality relation of Jacobi
polynomials
Nn =
(
ν + n
2δµ(µ+ ν + n)
)− 1
2
(
(Γ (2µ+ 1)Γ (n+ 1))2
Γ (2µ+ n+ 1)
Γ (2ν + n)
n!Γ (2ν + 2µ+ n)
)− 1
2
(45)
4 B(E2) Transition rates
Having the expression of the total wave function, one can
easily compute the B(E2) transition rates. In the general
case the quadrupole operator is defined as
T
(E2)
M = tβ
[
D(2)M,0(θi) cos(γ −
2π
3
)
+
1√
2
(
D(2)M,2(θi) +D(−2)M,−2(θi)
)
sin(γ − 2π
3
)
]
(46)
where D
(2)
M,2(θi) denotes the Wigner functions of Euler
angles and t is a scale factor. For triaxial nuclei around
γ ≈ π/6, the quadrupole operator becomes
T
(E2)
M = tβ
1√
2
(
D(2)M,2(θi) +D(−2)M,−2(θi)
)
(47)
The B(E2) transition rates from an initial to a final state
are given by [44]
B(E2;Liαi → Lfαf ) = 5
16π
| 〈Lfαf || T (E2) || Liαi〉 |2
(2Li + 1)
(48)
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Table 1. The values of free parameters fitted to the experi-
mental data [53] and Z(5) model [7]. Lg, Lβ and Lγ character-
ized the angular momenta of the highest levels of the ground
state, β and γ bands respectively, included in the fit, while m
the total number of experimental states involved in the rms fit.
δ c s Lg Lβ Lγ m
126Xe 0.01 226 6 12 4 9 16
128Xe 0.01 125 3 10 2 7 12
130Xe 0.01 140 0 14 0 5 11
132Xe 0.08 226 72 6 0 5 7
134Xe 0.08 187 78 6 0 5 7
192Pt 0.01 239 1 10 4 8 14
194Pt 0.01 41 24 10 4 8 13
196Pt 0.01 88 8 10 4 8 13
Z(5) 0.01 423 10 14 4 9 17
where the reduced matrix element is obtained through the
Wigner-Eckrat theorem [44]
〈LfMfαf |T (E2)M |LiMiαi〉
=
(Li2Lf |MiMMf)√
2Lf + 1
〈Lfαf‖T (E2)‖Liαi〉 (49)
In the calculation of the matrix elements of the quadrupole
operator (49), the integral over γ is equal to the normal-
ization condition of η(γ), the integral over the Euler angles
is performed by means of the standard integrals of three
Wigner functions [44], while the integral over β has the
form
Iβ(ni, Li, αi, nf , Lf , αf )
=
∫ ∞
0
βξni,Li,αi(β)ξnf ,Lf ,αf (β)β
4dβ (50)
The general expression for E2 transition probabilities is
B(E2;Liαi → Lfαf )
=
5
16π
t2
2
1
(1 + δαi,0)(1 + δαf ,0)
[(Li2Lf |αi2αf )
+(Li2Lf |αi − 2αf ) + (−1)Lf (Li2Lf |αi − 2− αf )]2
×[Iβ(ni, Li, αi, nf , Lf , αf )]2 (51)
The three Clebsch-Gordan coefficients (CGCs) appearing
in the above equation are constrained by ∆α = ±2 tran-
sition rule. This equation is similar to those obtained in
Refs.[7,41].
5 Numerical results
The Z(5)-H model presented in the previous sections has
been applied for calculating the energies of the collective
states and the reduced E2 transition probabilities for the
126,128,130,132,134Xe and 192,194,196Pt isotopes. These iso-
topes have been chosen using the signature of the triaxial
rigid rotor [45,16]:
∆E = |E2+g + E2+γ − E3+γ | = 0 (52)
Actually, this equation is only approximately obeyed. The
experimental data for the eight nuclei lead to the values :
∆E[keV ] = 49, 17, 26, 162, 379, 8, 28, 29. (53)
for 126Xe, 128Xe, 130Xe, 132Xe, 134Xe, 192Pt, 194Pt and
196Pt, respectively. According to these values Eq. (53),
the 128,130Xe and 192,194,196Pt isotopes are good candi-
dates for the triaxial rigid rotor model. Taking in con-
sideration the fact that the present model is dedicated
to soft triaxial nuclei, the formula (52) serves here as a
guide in choosing the candidates nuclei and therefore, we
have also added the 126,132,134Xe isotopes in our analy-
sis. Whether this is a good decision or not, this will be
decided through the comparison with the corresponding
experimental data. Moreover, by studying the staggering
behavior of the γ band for several nuclei in Ref. [46], the
192Pt isotope was found to be a good candidate for triax-
ial shape. The Xe and Pt isotopes were also analyzed in
Refs. [37,47,48] using different approaches.
All bands (i.e. ground state, β and γ) are labelled by
the quantum numbers, n, nw, nγ , L. As described in the
framework of the rotation-vibration model [49], the lowest
bands for Z(5) are as follows :
1. The ground state band (gsb) is characterized by n = 0,
nγ = 0,nw = 0,
2. The β band is characterized by n = 1,nγ = 0,nw = 0,
3. The γ band composed by the even L levels with n =
0,nγ = 0,nw = 2 and the odd L levels with n = 0,nγ =
0,nw = 1.
In this work the theoretical predictions for the levels
Eq. (16) are treated equally, depending on three parame-
ters, namely the screening parameter δ in the β potential
and the ring-shape parameters c and s of the γ potential.
These parameters are adjusted to reproduce the experi-
mental data by applying a least-squares fitting procedure
for each considered isotope. We evaluate the root mean
square (rms) deviation between the theoretical values and
the experimental data by
σ =
√∑m
i=1(Ei(exp)− Ei(th))2
(m− 1)E(2+1 )2
(54)
where m denotes the number of states, while Ei(exp) and
Ei(th) represent the theoretical and experimental energies
of the ith level, respectively. E(2+1 ) is the energy of the
first excited level of the ground state band. The obtained
results are given in Figs. 1-8 for each nucleus, while the
corresponding free parameters (δ, c,s) are listed in Table
1. By comparison of Z(5) − H with Z(5) [7], in Table 1
or in applications to the experimental data in Table 2, it
can be observed that Z(5) is applicable only for particular
situations while Z(5) − H by varying its parameters one
can cover almost an isotopic chain. Moreover, in Table 1,
we give the fitted parameters allowing to reproduce Z(5)
[7] results. Consequently, for a better description of the
experimental data or to enlarge the palette of applications,
other more flexible potentials than the infinite square well
are necessary.
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Table 2. The mean deviation for the energy spectra between
experimental data [53] and the theoretical value correspond-
ing to Z(5)-H, Z(5) [7] and esM [17] of given 126−134Xe and
192−196Pt isotopes.
nucleus Z(5)-H Z(5) esM
126Xe 0.654 0.765 -
128Xe 0.344 0.563 -
130Xe 0.352 1.079 -
132Xe 0.149 0.748 -
134Xe 0.101 1.152 -
192Pt 0.373 0.630 0.593
194Pt 0.384 0.676 0.874
196Pt 0.508 1.024 0.958
From Table1, one can see that the obtained values for
the screening parameter δ are in concordance with the
assumed approximation Eq. (8). Also, we notice that the
ratio s/c << 1 which corroborates the fact that the γ-
vibrations are harmonic as it was mentioned above in the
particular case 5/ of the generalized ring shaped potential
Eq.(35).
Figures 1-5 show that the energy spectra of experi-
mental data for 126,128,130,132,134Xe isotopes are better
described by our model Z(5)-H compared to Z(5). This
can also be seen from the corresponding mean deviation
given in Table 2. Moreover, the excitation energy states
for 192,194,196Pt isotopes are given in Figures 6-8. We see
that the obtained results for the levels belonging to the
ground state, β, and γ-band are in a quite satisfactory
agreement with experimental data. Analyzing the mean
deviation given in Table 2 corresponding for each nucleus,
we can see that the balance is clearly in favor of our pro-
posed model, namely, Z(5)-H, compared with the results
of Z(5) [7] and esM [17].
Similarly, we have calculated the intraband and inter-
bandB(E2) transition rates, normalized to the B(E2; 2+0,0-
−→ 0+0,0) rate, using the same optimal values of the three
parameters obtained from fitting the energy ratios.
In Table 3, we compare our theoretical calculations for
126,128,130,132,134Xe isotopes with the available experimen-
tal data and the data from Z(5). One can see that our re-
sults are in general slightly higher than the experimental
data, but in most cases quite near them. Indeed, the re-
duced E2 transition probabilities have not been taken into
account in the fitting process. The numerical calculations
for 192,194,196Pt isotopes are shown in Table 4. The over-
all agreement is good for transitions within the ground
state band with exception of the higher L levels. as well
as for transitions between the γeven band to the gsb and
the γeven band to the γeven.
An other sensitive signature for triaxiality structure,
which has to be studied, is obviously the odd-even stag-
gering of the level energies within the γ-band, described
by the following quantity [50] :
S(J) =
E(J+γ ) + E((J − 2)+γ )− 2E((J − 1)+γ )
E(2+1 )
(55)
Such a quantity measures the displacement of the (J−1)+γ
level relatively to the average of its neighbors, J+γ and
(J−2)+γ , normalized to the energy of the first excited state
of the ground band, E(2+1 ). In Ref. [46], it was shown that
γ-soft shapes exhibit staggering with negative S(J) values
at even-J and positive S(J) values at odd-J spins.
In Figure 9 we plotted the function S(J) for the nu-
clei considered here. As it is shown, all these nuclei in the
present approach exhibit strong odd-even staggering than
that observed experimentally. Moreover, the staggering of
192Pt and 194Pt isotopes is well reproduced by Z(5)−H
and Z(5), while for the rest of the considered nuclei the
agreement is not good. These results confirm the predic-
tions from Ref. [46]. Therefore, the choice of 192Pt and
194Pt as good candidates for a triaxial deformation is sup-
ported by both signatures of the triaxial rigid rotor and
the staggering of the γ-band, respectively, while for a part
of the other considered nuclei only the former signature is
satisfied.
From the theoretical spectra for the studied isotopes
in our work, one can remark that the levels 6+ and 7+
as well as the higher levels have not a natural ordering.
Such a behavior is also shown up in other related models
such as Z(5) [7], Z(4) [51] and Z(4)-Sextic [52] where it
is indicated that this trend is also kept for higher states:
8+ being above 9+ and so on. Therefore, we can deduce
that this reversal of the odd states with the even states
in the γ band could be seen as a strong signature of these
solutions and could serve as a test whether these models
are realistic or not. Nevertheless, a question comes out :
Why does this happen only for triaxial nuclei and not for
prolate ones, for example ? The answer might be related
to the fact that here the projection on the x-axis is a good
quantum number and not on the z-axis as it is the case
for prolate nuclei, and also with the fact that for prolate
nuclei, the quantum number K is constant for each band
(K = 0 for the ground and β bands and K = 2 for the γ
band), while for triaxial nuclei, α plays an important role
being equal to L in the ground and β bands and having
different value in the γ band depending on the parity of
L (even or odd). Indeed, in the γ band, α = L − 1 and
α = L − 2 for odd and even states, respectively. Because
of that, the rotational kinetic term of Eq. (37), starting
with 6+, contributes more to the even state energies than
to the odd ones producing this reverse effect.
Conclusion
The main result of the present paper consists in the pro-
posal of novel solution for the Bohr-Mottelson Hamilto-
nian for a triaxial nucleus, with a Hulthe´n potential for the
β-part and a new proposed Ring-Shaped potential with a
minimum at γ = π/6 for the γ-part. The solution called
Z(5)-H, is achieved by means of the asymptotic iteration
method (AIM), involving an approximation for the cen-
trifugal term in the radial equation. We obtained analyti-
cal expressions for the energy spectra and the normalized
radial eigenvectors formulated in terms of Jacobi polyno-
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mials, while the γ-angular eigenvectors are expressed in
terms of Legendre polynomials. The model was applied
for eight nuclei 126,128,130,132,134Xe and 192,194,196Pt. The
comparison between theoretical predictions and experi-
mental data shows a good agreement.
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Table 3. The comparison of the Z(5)-H predictions of B(E2) transition rates with the experimental data [53] and Z(5) model
[7] predictions for 126,128,130,132,134Xe isotopes.
126Xe 128Xe 130Xe 132Xe 134Xe
L
(i)
n,nw L
(f)
n,nw exp Z(5)-H exp Z(5)-H exp Z(5)-H exp Z(5)-H exp Z(5)-H Z(5)
40,0 20,0 1.55 1.468 1.604 1.611 1.238 1.685 0.758 1.742 1.590
60,0 40,0 2.26 1.941 2.444 2.469 2.630 0.275 2.203
80,0 60,0 3.03 2.388 3.445 3.503 5.964 0.192 2.635
100,0 80,0 3.40 2.737 4.785 0.045 4.896 2.252 1.766 2.967
20,2 20,0 1.57 1.194 1.626 1.633 1.775 1.707 1.775 1.620
40,2 40,0 0.35 0.383 0.386 0.203 0.519 0.348
60,2 60,0 0.22 0.244 0.220 0.36 0.005 0.198
80,2 80,0 0.16 0.184 0.188 0.049 0.045 0.129
30,1 40,0 1.26 1.352 1.366 1.677 1.995 1.243
50,1 60,0 1.11 1.267 0.342 1.289 0.447 0.770 0.972
70,1 80,0 1.09 1.315 1.348 0.992 0.677 0.808
90,1 100,0 1.14 1.447 1.491 0.438 0.333 0.696
40,2 20,2 0.73 0.760 0.764 0.300 0.758 0.736
60,2 40,2 1.21 1.376 1.400 0.455 0.450 1.031
80,2 60,2 2.34 2.862 2.936 0.855 0.679 1.590
100,2 80,2 3.84 4.968 5.132 0.777 0.622 2.035
50,1 30,1 1.28 1.391 1.406 0.045 2.408 1.235
70,1 50,1 2.23 2.578 2.626 0.046 1.156 1.851
90,1 70,1 3.38 4.129 4.237 1.389 1.088 2.308
110,1 90,1 4.84 6.220 6.421 1.124 0.893 2.665
30,1 20,2 2.15 2.266 2.282 2.492 2.556 2.171
50,1 40,2 1.44 1.613 1.637 3.005 1.368 1.313
70,1 60,2 1.63 1.926 1.968 0.752 0.635 1.260
90,1 80,2 1.83 2.265 2.329 0.505 0.405 1.164
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Table 4. The comparison of the Z(5)-H predictions of B(E2) transition rates with the experimental data [53] and Z(5) [7] and
esM [17] predictions for 192,194,196Pt isotopes.
192Pt 194Pt 196Pt
L
(i)
n,nw L
(f)
n,nw exp Z(5)-H esM exp Z(5)-H esM exp Z(5)-H esM Z(5)
40,0 20,0 1.556 1.563 1.563 1.728 1.552 1.630 1.478 1.586 1.540 1.590
60,0 40,0 1.224 2.303 2.213 1.362 2.263 2.334 1.798 2.381 2.141 2.203
80,0 60,0 3.126 2.735 1.016 3.036 2.835 1.921 3.301 2.597 2.635
100,0 80,0 4.178 3.163 0.691 4.009 3.187 4.510 2.955 2.967
20,2 20,0 1.905 1.586 1.586 1.809 1.574 1.653 1.608 1.564 1.620
40,2 40,0 0.362 0.350 0.285 0.356 0.370 0.374 0.339 0.348
60,2 60,0 0.225 0.220 0.394 0.236 0.198
80,2 80,0 0.166 0.160 0.176 0.129
30,1 40,0 0.664 1.277 1.236 1.256 1.305 1.318 1.200 1.243
50,1 60,0 1.146 1.112 1.212 0.972
70,1 80,0 1.143 1.095 1.237 0.808
90,1 100,0 1.212 1.148 1.340 0.696
40,2 20,2 0.734 0.734 0.427 0.726 0.776 0.714 0.749 0.716 0.736
60,2 40,2 1.247 1.081 1.211 1.112 1.207 1.318 1.022 1.031
80,2 60,2 2.460 1.715 2.349 1.697 2.679 1.589 1.590
100,2 80,2 4.093 3.854 4.568 2.035
50,1 30,1 1.308 1.250 1.284 1.316 1.354 1.205 1.235
70,1 50,1 2.312 1.943 2.238 1.994 2.458 1.834 1.851
90,1 70,1 3.549 2.485 3.389 2.468 3.866 2.306 2.308
110,1 90,1 5.149 2.907 4.857 2.801 5.731 2.633 2.665
30,1 20,2 1.783 2.174 2.147 2.147 2.264 2.225 2.094 2.171
50,1 40,2 1.481 1.443 1.554 1.313
70,1 60,2 1.698 1.634 1.823 1.260
90,1 80,2 1.925 1.831 2.111 1.164
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Fig. 1. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from Z(5) [7] for 126Xe.
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Fig. 2. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from Z(5) [7] for 128Xe.
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Fig. 3. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from Z(5) [7] for 130Xe.
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Fig. 4. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from Z(5) [7] for 132Xe.
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134Xe
Exp.ZH5L-H ZH5L Exp.ZH5L-H ZH5L
Exp.ZH5L-H ZH5L
g band  Β band Γ band 
0+
2+
4+
6+
0+
2+
4+
6+
4+
2+
0+
6+
0+ 0
+
0+
2+
3+
4+
5+
2+
4+
3+
5+
2+
3+
4+
5+
0.000
1.000
2.350
3.984 3.913
1.837
2.597
4.420
4.634
0.0000.000
1.0001.000
2.121
2.659
2.044
2.522
1.873 1.932 1.905
2.266
2.458
2.682
1.751
2.268
2.613
2.559
Fig. 5. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from Z(5) [7] for 134Xe.
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Fig. 6. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from esM [17] and Z(5) [7] for 192Pt.
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Fig. 7. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from esM [17] and Z(5) [7] for 194Pt.
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Fig. 8. (Color online) The theoretical energy spectra, given by Eq. (16) using the parameter sets given in Table 1, are compared
with the experimental data [53] and those from esM [17] and Z(5) [7] for 196Pt.
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Fig. 9. (Color online) The staggering behavior S(J) Eq. (55) of 126,128,130,132,134Xe and 192,194,196Pt (Exp) compared with
Z(5)-H and Z(5) [7] models.
